In this paper we introduce a family of weakly contractive maps on the space B(S) of bounded real valued functions and use it to show that a fundamental step in the proof of the well-known Stone-Weierstrass approximation theorem can be achieved via Rakotch's fixed point theorem for weakly contractive maps. With the same technique, we obtain Zemanek's theorem on the existence of square roots in certain Banach subalgebras of B(S), and, finally, in the context of abstract Banach algebras, we exhibit some relationship between weakly contractive maps on the closed unit ball and the geometry of the spheres.
Introduction and preliminary results on weakly contractive maps
If (X, d) is a metric space and D is a nonempty subset of X, then we say that T : D → X is contractive if there exists α ∈ [, ) such that
d T(x), T(y) ≤ αd(x, y)
for all x, y ∈ X. The famous Banach-Caccioppoli theorem [, ] asserts that if (X, d) is complete and T : X → X is contractive, then T has a unique fixed point x * ∈ X and, for any x  ∈ X, the sequence {T n (x  )} converges to x * .
After this theorem, some authors tried to generalize it keeping the conclusions on the existence and uniqueness under more general hypotheses, and in many cases the maps satisfying the new conditions have been named weakly contractive. In this section we will be concerned with three of these conditions, due to Rakotch [] , Krasnosel'skii et al. [] and Dugundji and Granas [] , which will be shown to be equivalent formulations of the same concept. There are some other conditions which are worth mentioning; for instance, the one introduced by Geraghty [] , which is still object of generalizations (see, for instance, Karapinar [] ), but they are not the subject of study in this paper.
As far as we know, the first result in this direction was given by Rakotch [] in , who replaced the constant α by a function α = α(d(x, y)), allowing it to approach  exceptionally: we say that T : D ⊂ X → X is weakly contractive in the sense of Rakotch if for every x, y ∈
D, we have d T(x), T(y) ≤ α d(x, y) d(x, y),
where α : [, ∞) → [, ] is a map that is compactly less than , that is α is a map such that, for all  < a ≤ b,
In a subsequent work, Krasnosel'skii et al. (see [] , p.) proved that the function α = α(d(x, y)) that appears in Rakotch's theorem could be replaced by a more general function α = α(x, y) satisfying the property of being compactly less than , that is, a function α :
and, for every a, b ∈ R with  < a ≤ b,
Another condition, which looks different from (K) and that can substitute () in BanachCaccioppoli's theorem, was introduced in  by Dugundji and Granas [] and reads as follows: there exists γ :
for all x, y ∈ D. In the same paper, Dugundji and Granas proved that condition (D-G) is equivalent to condition (K) and, obviously, (R) implies (K); hence, the three conditions would be equivalent if the implication (K) ⇒ (R) were true. Next, we shall show that this is the case, that is, we shall prove that the three conditions are equivalent. We state this as a theorem. 
Observe also that inequality (R) is satisfied with the function α because for any x, y ∈ D, we have α(x, y) ≤ α (d(x, y) ), and T satisfies condition (K) with the function α. Hence, T satisfies condition (R).
The previous result allows us to say that T : D ⊂ X → X is weakly contractive if it satisfies some (hence, all) of conditions (R), (K) or (D-G). Rakotch's theorem [] states that if (X, d) is a complete metric space and T : X → X is weakly contractive, then T has a unique fixed point in X, say x * , and for each x  ∈ X, the sequence of iterates {T n (x  )} converges to x * . Also, we can see that this theorem is a strict generalization of Banach-Caccioppoli's theorem just considering the space X = [, ] with the usual metric d(x, y) = |x -y| and the map T : X → X given as T(x) = sin(x), which is weakly contractive but not contractive.
In Section  we introduce a family of weakly contractive maps on the space B(S) of bounded real functions and show that Rakotch's theorem can be used to prove a result of Zemanek [] about the existence of square roots in some Banach subalgebras of B(S), a result which is a fundamental step in the proof of the well-known Stone-Weierstrass approximation theorem [] . The use of Rakotch's theorem in the proof of this theorem is also interesting because, for weakly contractive maps, it can be given a rate of convergence of the sequence of iterates (see [] ).
In Section  we show that there are some connections between weakly contractive maps, square roots in abstract algebras and the geometry of the unit ball.
Weakly contractive maps and square roots in B(S)
As we mentioned in the introduction, there are simple examples of maps that are weakly contractive and not contractive. In this section we provide a new example of this type, which is interesting because it existed before Rakotch's theorem and appears in some proofs of the famous Stone-Weierstrass approximation theorem [] . The aforementioned example is the map T defined on certain subset of the space
, which is used in [] to prove that the function ϕ(x) = √ x can be uniformly approximated by polynomials (using Dini's test for uniform convergence). In fact, a slight modification of this example will allow us to obtain the result of Zemanek [] about the existence of square roots in certain Banach algebras. In the first place, we recall some notation and results that are necessary to understand the context which we shall work at.
If S is any nonempty set, then B(S) denotes the set of all bounded functions f : S → R, which is known to be a Banach algebra with the pointwise multiplication and the norm · ∞ (see, for instance, [] ). We also use the notation B + (S) = {f ∈ B(S) : f (x) ≥  for all x ∈ S} and, for a nonempty subset
If S is a compact topological space, then it is also known that the space of continuous real functions C(S) with its usual norm · ∞ is a Banach subalgebra of B(S). Notice that, by elementary rules of calculus, the subalgebra C(S) has the following property: for any f ∈ B + (S) ∩ C(S), we have f ∈ C(S). The question of whether this property could be extended to abstract subalgebras of B(S) was answered by Zemanek [] in  by showing that the aforementioned property is satisfied by those subalgebras A of B(S) that are complete and contain the constant functions. We obtain this result in Theorem  by using Rakotch's theorem, and this will provide us with an extra information about how to obtain f as a uniform limit of functions of A.
As a first step, in Lemma  we introduce a family of weakly contractive maps that will be used in Theorem .
Lemma  Let G : S × J → R be a bounded map, where S and J ⊂ R are nonempty sets, suppose that D ⊂ B(S, J) is nonempty and define T : D → B(S) as T(f )(x) = G(x, f (x)). Then, if D contains the constant functions of B(S, J), then we have that (a) T is weakly contractive on D if, and only if, there exists a function
for every u, v ∈ J and every x ∈ S; (b) T is contractive if, and only if, there exists α ∈ [, ) such that 
Indeed, we shall see that the function β defined as β(f , f ) =  and
for f = g satisfies all our requirements. Obviously, β takes values in [, ], and, for all real numbers  < a ≤ b, we have
which shows that β is compactly less than . Now, observe that for f , g ∈ D and x ∈ S, we have
and argue as follows:
Hence, we have proved that
For the converse, suppose that T is weakly contractive, that is, there exists β : f v ) , where, for each w ∈ J, f w : S → J denotes the constant function f w (x) = w. We have to show that α is compactly less than  and satisfies (); for the former, just observe that for any two real numbers  < a ≤ b, we have
For the latter, suppose that x ∈ S and u, v ∈ J and obtain
Theorem  Let A be a complete subalgebra of B(S) that contains the constant functions. Then, for each g
(a) √ g * ∈ A, and (b) the sequence of functions {g n } given as g  (x) =  and
is a sequence in A that converges uniformly on S to √ g * .
Proof
Suppose that g * ∈ B + (S) ∩ A with M = g * ∞ > . Observe that since A contains the constant functions, √ g * belongs to A if, and only if, the function f * given as f
It is also obvious that the sequence {g n } is in A and converges uniformly to √ g * if, and only if, the sequence {f n } defined as f n = √ M -g n is in A and converges uniformly to f * .
Hence, we only need prove that f * ∈ A and that the sequence {f n } is in A and converges uniformly to f * . For that purpose, observe first that the sequence {f n } can be expressed as
Then, consider the set
and observe that f * is the unique fixed point for T in the set B(S, [,
Observe also that {f n } is the sequence of iterates for T with starting point f  (x) = √ M, so that the proof of (a) and (b) will follow from Rakotch's theorem [] once we see that T is weakly contractive and that K is closed and invariant under T.
It is easily seen that K is closed using that A is closed and that the uniform convergence implies pointwise convergence, and it is easily shown that T(K) ⊂ K using both that A is a subalgebra that contains the constant functions and that
Finally, to check that T is weakly contractive, we shall use part (a) of Lemma . For that, observe that T can be written as
Obviously, G is bounded, D contains the constant functions of B(S, J), and, for x ∈ S and u, v ∈ J, we have
. To see that α is compactly less than , just observe that, for  < a ≤ b,
Hence, by Rakotch's theorem [], T has a unique fixed point in K , and, for any h ∈ K , the sequence of iterates {T n (h)} converges uniformly on S to this fixed point.
and f * is the unique fixed point for T in B(S, J), we conclude that f * ∈ K . Also, starting with h = f  ∈ K , the sequence {T n (h)} is just {f n }, and so it converges uniformly to f * .
Notice that Theorem  generalizes the following well-known result, which our operator T is inspired on.
is a sequence of polynomials that converges uniformly to the function ϕ(x)
= √ x on the interval [, ].
The map T : K → B(S) appearing in the previous theorem is of the form T(f
we obtained that T is weakly contractive on K if, and only if, F is weakly contractive on the interval J, which suggests the following question.
Question  Find an easy-to-check characterization of weakly contractive maps on the real line.
Weakly contractive maps and the geometry of spheres in abstract algebras
As we mentioned before, Zemanek 
In view of the above, it is natural to ask whether T is weakly contractive. In the next theorem we show that the answer is yes if A is commutative and the norm on A is a uniformly convex norm (that is, for each ε ∈ (, ], there exists δ >  such that for any x, y ∈ B(, ) with x -y ≥ ε, we have
Before that, we shall show that the notion of a function compactly less than  can be used to characterize the uniform convexity of a Banach space. Proof We start supposing that (X, · ) is uniformly convex and prove that α is compactly less than . Indeed, for  < a ≤ b, we have
For the converse, assume that α is compactly less than  and prove that (X, · ) is uniformly convex. Hence, let ε ∈ (, ] and choose δ =  -α (ε, ). Then we have δ >  and, for every x, y ∈ B(, ) with x -y ≥ ε, Proof If x, y ∈ B(, ), then using the commutativity of A, we obtain
Theorem  If
Then, since the norm · is an algebra norm, we conclude that f -g ∞ } and prove that β is compactly less than  and also satisfies
for every f , g ∈ B(, ). First, β is compactly less than  because for all real numbers a and b with  < a ≤ b, we have
